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Abstract In this paper, a modified symbolic computation approach is pro-
posed. The multiple rogue wave solutions of a generalized (2+1)-dimensional
Boussinesq equation are obtained by using the modified symbolic computation
approach. Dynamics features of these obtained multiple rogue wave solutions
are displayed in 3D and contour plots. Compared with the original symbolic
computation approach, our method does not need to find Hirota bilinear form
of nonlinear system.
Keywords Rogue wave, modified symbolic computation approach, (2+1)-
dimensional Boussinesq equation.
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1 Introduction
Many important natural sciences and engineering problems can be attributed
to the study of the nonlinear partial differential equations (NPDEs) [1-3].
Therefore, the research on the exact solutions of the NPDEs has shown a
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very important theory and application value. At present, it has not been pro-
vided a universal and effective method for obtaining the exact solution [4-8].
Since the 1950s, people put forward the concept of “soliton” in the study of
nonlinear phenomena, which becomes a hot topic in nonlinear science [9-13].
Recently, rogue wave (a special soliton) attracts a lot of attention and appears
in many important areas, such as optical fibres, Bose-Einstein condensates,
super fluids and so on [14]. Rogue wave solutions of many NPDEs have been
investigated based the Hirota bilinear method [15-18]. These studies mainly
focus on obtaining the low order rogue wave solutions. Multiple rogue waves
are difficult to get, so there are few literatures on it. It is inspired by the
symbolic computation approach proposed by Zha [19], we present a modified
symbolic computation approach for studying the multiple rogue wave solutions
of NPDEs.
In this paper, we investigate the following generalized (2+1)-dimensional
Boussinesq equation [20]
α
(
2u2x + 2uuxx
)
+ βuxxxx + γuxx + utt − uyy = 0, (1)
where u = u(x, y, t), α, β and γ are arbitrary real constants. Eq. (1) represents
the propagation of gravity waves on the earth’s surface. Especially the oncom-
ing collision of the oblique wave. When α, β and γ choose different values,
Eq (1) can be reduced to (1 + 1)-dimensional Boussinesq equation [21], classi-
cal Benjamin-Ono equation [22], (2 + 1)- dimensional Benjamin-Ono equation
[23] and (2+1)-dimensional Boussinesq water equation [24]. The breathers and
first-order rogue wave solutions have been obtained in Ref. [25] when α = 3β.
When α = γ = −1, β = −3, the first-order lump solutions are studied in
Ref. [26]. Besides, the high-order breather and lump solutions have been also
presented in Ref. [20]. However, multiple rogue wave solutions have not been
studied by using the symbolic computation approach.
The organization of this paper is as follows. Section 2 proposes a modified
symbolic computation approach; Section 3 obtains the 1-rogue wave solutions;
Section 4 presents the 3-rogue wave solutions; Section 5 studies the 6-rogue
wave solutions; Section 6 makes this conclusions.
2 Modified symbolic computation approach
In Ref.[19], a symbolic computation approach was proposed by Zha. Mul-
tiple rogue wave solutions of many NPDEs have been discussed by using the
symbolic computation approach [27-31]. Here, we want to make a slight ad-
justment to this method as follows
Step1. Make a traveling wave transformation υ = x − ωt in the following
(2+1)-dimensional nonlinear system
Ξ(u, ut, ux, uy, uxy, · · ·) = 0, (2)
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Eq. (2) will become a (1+1)-dimensional equation about υ and y
Ξ(u, uυ, uy, uυy, · · ·) = 0. (3)
Step2. By Painleve´ analysis, we make the following transformation
u(υ, y) = u0 +
∂n
∂υm
lnξ(υ, y). (4)
Substituting Eq. (4) into Eq. (3) and balancing the order of the highest deriva-
tive term and nonlinear term, m can be obtained. We point out that the mul-
tiple rogue wave solutions of Eq. (3) can be obtained without deriving the
Hirota bilinear form, but the Hirota bilinear form is needed in the original
method.
Step3. Supposing
ξ(υ, y) = Fn+1(υ, y) + 2νyPn(υ, y) + 2µυQn(υ, y) + (µ
2 + ν2)Fn−1(υ, y),(5)
with
Fn(υ, y) =
n(n+1)/2∑
k=0
k∑
i=0
an(n+1)−2k,2iy
2iυn(n+1)−2k,
Pn(υ, y) =
n(n+1)/2∑
k=0
k∑
i=0
bn(n+1)−2k,2iυ
2iyn(n+1)−2k,
Qn(υ, y) =
n(n+1)/2∑
k=0
k∑
i=0
cn(n+1)−2k,2iy
2iυn(n+1)−2k,
F0 = 1, F−1 = P0 = Q0 = 0, where am,l, bm,l and cm,l(m, l ∈ [0, 2, 4, · · · , n(n+ 1)])
are unknown constants, µ and ν are the wave center.
Step4. Substituting Eq. (4) and Eq. (5) into Eq. (3) and equating all the
coefficients of the different powers of υ and y to zero, the values of am,l, bm,l and
cm,l(m, l ∈ [0, 2, 4, · · · , n(n+ 1)]) can be obtained. Substituting these values
into Eq. (4) and Eq. (5), the corresponding multiple rogue wave solutions of
Eq. (2) are derived.
3 1-rogue wave solutions
Based on previous literature and modified symbolic computation approach
[27-31], assume
υ = x− ωt, u = 6β
α
[lnξ(υ, y)]υυ, (6)
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Eq. (1) can be changed as
ξ3[βξυυυυυυ +
(
γ + ω2
)
ξυυυυ − ξυυyy] + ξ2[ξυυ[−3βξυυυυ − 3
(
γ + ω2
)
ξυυ
+ξyy] + 2ξυ
(−3βξυυυυυ − 2 (γ + ω2) ξυυυ + ξυyy)+ 2βξ2υυυ
+2ξ2υy] + 2ξ[ξ
2
υ[9βξυυυυ + 6
(
γ + ω2
)
ξυυ]− 3βξ3υυ − ξyyξ2υ ]
−6ξ2υ[4βξυυυξυ − 3βξ2υυ +
(
γ + ω2
)
ξ2υ ] + 2ξy (ξξυυy − 4ξυξυy) ξ
+ξ2y
(
6ξ2υ − 2ξξυυ
)
. (7)
In here, we don’t need to find the Hirota bilinear form of Eq. (7). In Eq. (7),
we select
ξ(υ, y) = (υ − µ)2 + ζ1(y − ν)2 + ζ0, (8)
where µ, ν, ζ0 and ζ1 are undetermined real constants. Substituting Eq. (8)
into Eq. (7) and equating the coefficients of all powers υ and y to zero, we
obtain
ζ0 = −
3β
γ + ω2
, ζ1 = −γ − ω2. (9)
Substituting Eq. (8) and Eq. (8) into Eq. (6), the 1-rogue wave solutions for
Eq. (1) can be got as
u =
12β[− 3βγ+ω2 − (µ− υ)2 −
(
γ + ω2
)
(y − ν)2]
α[− 3βγ+ω2 + (µ− υ)2 − (γ + ω2) (y − ν)2]2
. (10)
Rogue wave (10) has three extreme value points (µ, ν), (µ ± 3β√
−β(γ+ω2)
, ν).
The maximum point (µ, ν) is the peak of the rogue wave, and the minimum
points (µ± 3β√
−β(γ+ω2)
, ν) are two valleys. The centers of the peak and valleys
are located on a straight line y = ν, and the two valleys are symmetric with
respect to the peak. Fig. 1 shows the dynamics features of rogue wave (10).
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Fig. 1. Rogue wave (10) with µ = ν = 0, α = 12, γ = −8, β = ω = 1,
(a) 3D graphic, (b) contour plot.
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Fig. 2. Rogue wave (13) with α = 12, γ = −8, β = ω = ζ21 = ζ24 = 1,
µ = ν = 0, (a) 3D graphic, (b) contour plot.
4 3-rogue wave solutions
In order to look for obtaining the 3-rogue wave solutions, we choose
ξ(υ, y) = µ2 + ν2 + υ6 + y6ζ17 + y
4ζ16 + 2µυ
(
y2ζ23 + υ
2ζ24 + ζ22
)
+ 2νy
(
y2ζ20 + υ
2ζ21 + ζ19
)
+ υ4y2ζ11 + y
2ζ15
+ υ2
(
y4ζ14 + y
2ζ13 + ζ12
)
+ υ4ζ10 + ζ18, (11)
where ζi(i = 10, · · · , 24) is undetermined real constant. Substituting Eq. (11)
into Eq. (7) and equating the coefficients of all powers υ and y to zero, we
derive
ζ11 = −3
(
γ + ω2
)
, ζ14 = 3
(
γ + ω2
)2
, ζ16 = −17β
(
γ + ω2
)
,
ζ13 = 90β, ζ20 =
1
3
ζ21
(
γ + ω2
)
, ζ17 = −
(
γ + ω2
)3
,
ζ15 = −
475β2
γ + ω2
, ζ23 = 3ζ24
(
γ + ω2
)
, ζ22 =
βζ24
γ + ω2
,
ζ12 = −
125β2
(γ + ω2)
2 , ζ10 = −
25β
γ + ω2
, ζ19 = −
5βζ21
3 (γ + ω2)
,
ζ18 = −[9[1875β3 +
(
γ + ω2
)3 (
µ2 + ν2
)− µ2ζ224 (γ + ω2)3]
+ ν2ζ221
(
γ + ω2
)2
]/[9
(
γ + ω2
)3
]. (12)
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Substituting Eq. (11) and Eq. (12) into Eq. (6), the 3-rogue wave solutions for
Eq. (1) can be written as
u = [486β
(
γ + ω2
)6
[[2[5
(
− 25β
2
(γ + ω2)
2 −
30βυ2
γ + ω2
+ 3υ4
)
+ 3y4
(
γ + ω2
)2
+ 18y2[5β − υ2
(
γ + ω2
)
] + 2νyζ21 + 6µυζ24][9[−1875β3
− 25β2
(
γ + ω2
)
[5υ2 + 19y2
(
γ + ω2
)
]− β
(
γ + ω2
)2
[y2
(
γ + ω2
)
− 5υ2]
∗ [17y2 (γ + ω2)− 5υ2]− (γ + ω2)3 [y2 (γ + ω2)− υ2]3]
+
(
γ + ω2
)2
[9µζ24[µζ24
(
γ + ω2
)
+ 2υ[β +
(
γ + ω2
) (
υ2 + 3y2
(
γ + ω2
))
]]
+ 6νyζ21[
(
γ + ω2
)
[3υ2 + y2
(
γ + ω2
)
]− 5β]− ν2ζ221]]]/[9
(
γ + ω2
)3
]
− 4[[υ[−125β2 + 10β (γ + ω2) (9y2 (γ + ω2)− 5υ2)+ 3 (γ + ω2)2 [υ2
− y2 (γ + ω2)]2] + µζ24 (γ + ω2) [β + 3 (γ + ω2) (υ2 + y2 (γ + ω2))]]
/ [
(
γ + ω2
)2
] + 2νυyζ21]
2]]/[α[9[−1875β3 − 25β2 (γ + ω2) [5υ2
+ 19y2
(
γ + ω2
)
]− β (γ + ω2)2 [y2 (γ + ω2)− 5υ2][17y2 (γ + ω2)− 5υ2]
− (γ + ω2)3 [y2 (γ + ω2)− υ2]3] + (γ + ω2)2 [9µζ24[µζ24 (γ + ω2)
+ 2υ[β +
(
γ + ω2
)
[υ2 + 3y2
(
γ + ω2
)
]]] + 6νyζ21[
(
γ + ω2
)
[3υ2
+ y2
(
γ + ω2
)
]− 5β]− ν2ζ221]]2]. (13)
Dynamics features of 3-rogue wave solutions are shown in Figs. 2-5. When
(µ, ν) = (0, 0), this is two high peaks and almost all energy of the rogue wave
is located on the two peaks in Fig. 2. when (µ, ν) = (0, 100), (100, 0), (100, 100),
respectively, it is clearly that three rogue waves break apart and form a set of
three 1-rogue waves in Figs. 3-5.
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Fig. 3. Rogue wave (13) with α = 12, γ = −8, β = ω = ζ21 = ζ24 = 1,
µ = 0, ν = 100, (a) 3D graphic, (b) contour plot.
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Fig. 4. Rogue wave (13) with α = 12, γ = −8, β = ω = ζ21 = ζ24 = 1,
µ = 100, ν = 0, (a) 3D graphic, (b) contour plot.
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Fig. 5. Rogue wave (13) with α = 12, γ = −8, β = ω = ζ21 = ζ24 = 1,
µ = ν = 100, (a) 3D graphic, (b) contour plot.
5 6-rogue wave solutions
To search the 6-rogue wave solutions, we have
ξ(υ, y) = υ12 + y8ζ48 + y
6ζ47 + y
4ζ46 + υ
10
(
y2ζ26 + ζ25
)
+ y2ζ45 + υ
8
(
y4ζ29 + y
2ζ28 + ζ27
)
+ 2µυ[υ6 + y6ζ64 + y
4ζ63
+ υ4
(
y2ζ69 + ζ68
)
+ y2ζ62 + υ
2
(
y4ζ67 + y
2ζ66 + ζ65
)
+ ζ61]
+ 2νy[y6 + y4
(
υ2ζ57 + ζ56
)
+ y2
(
υ4ζ55 + υ
2ζ54 + ζ53
)
+ υ6ζ60
+ υ4ζ59 + υ
2ζ58 + ζ52] + υ
6
(
y6ζ33 + y
4ζ32 + y
2ζ31 + ζ30
)
+ υ4
(
y8ζ38 + y
6ζ37 + y
4ζ36 + y
2ζ35 + ζ34
)
+ υ2(y10ζ44 + y
8ζ43
+ y6ζ42 + y
4ζ41 + y
2ζ40 + ζ39) + ζ51 + y
12ζ50 + y
10ζ49
+
(
µ2 + ν2
)
[− 3β
γ + ω2
+ υ2 + y2
(−γ − ω2)], (14)
where ζi(i = 25, · · · , 69) is undetermined real constant. Substituting Eq. (14)
into Eq. (7) and equating the coefficients of all powers υ and y to zero, we
obtain
ζ26 = −6
(
γ + ω2
)
, ζ29 = 15
(
γ + ω2
)2
, ζ28 = 690β,
ζ33 = −20
(
γ + ω2
)3
, ζ32 = −1540β
(
γ + ω2
)
, ζ31 = −
18620β2
γ + ω2
,
ζ37 = 1460β
(
γ + ω2
)2
, ζ36 = 37450β
2, ζ55 = −
5
(γ + ω2)
2 ,
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ζ38 = 15
(
γ + ω2
)4
, ζ35 =
220500β3
(γ + ω2)
2 , ζ43 = −570β
(
γ + ω2
)3
,
ζ42 = −35420β2
(
γ + ω2
)
, ζ41 =
14700β3
γ + ω2
, ζ52 =
18865β3
3 (γ + ω2)
6 ,
ζ54 =
190β
(γ + ω2)
3 , ζ44 = −6
(
γ + ω2
)5
, ζ57 =
9
γ + ω2
, ζ40 = −
565950β4
(γ + ω2)
3 ,
ζ50 =
(
γ + ω2
)6
, ζ49 = 58β
(
γ + ω2
)4
, ζ48 = 4335β
2
(
γ + ω2
)2
,
ζ64 = −5
(
γ + ω2
)3
, ζ47 =
798980β3
3
, ζ27 =
735β2
(γ + ω2)2
,
ζ67 = −5
(
γ + ω2
)2
, ζ63 = −45β
(
γ + ω2
)
, ζ66 = −230β,
ζ25 = −
98β
γ + ω2
, ζ56 = −
7β
(γ + ω2)
2 , ζ46 =
16391725β4
3 (γ + ω2)
2 ,
ζ53 = −
245β2
(γ + ω2)
4 , ζ60 = −
5
(γ + ω2)
3 , ζ69 = 9
(
γ + ω2
)
,
ζ30 = −
75460β3
3 (γ + ω2)
3 , ζ39 = ν
2[− 1
(γ + ω2)
7 − 1]−
159786550β5
3 (γ + ω2)
5 ,
ζ34 = −
5187875β4
3 (γ + ω2)4
, ζ68 = −
13β
γ + ω2
, ζ58 =
665β2
(γ + ω2)5
,
ζ45 =
300896750β5
(
γ + ω2
)2
+ 3ν2[
(
γ + ω2
)7
+ 1]
3 (γ + ω2)6
, ζ65 = −
245β2
(γ + ω2)2
,
ζ62 = −
535β2
γ + ω2
, ζ61 = −
12005β3
3 (γ + ω2)
3 , ζ59 =
105β
(γ + ω2)
4 ,
ζ51 =
β[878826025β5
(
γ + ω2
)2
+ 27ν2[
(
γ + ω2
)7
+ 1]]
9 (γ + ω2)
8 . (15)
Substituting Eq. (14) and Eq. (15) into Eq. (6), the 6-rogue wave solutions for
Eq. (1) can be read as
u =
6β
α
(
ξυυ
ξ
− ξ
2
υ
ξ2
)
, (16)
where ξ satisfies Eq. (14) and Eq. (15). Dynamics features of 3-rogue wave
solutions are shown in Figs. 6-9. When (µ, ν) = (0, 0), this is three high peaks
and almost all energy of the rogue wave is located on the two peaks in Fig. 9.
when (µ, ν) = (0, 1000), (1000, 0), (1000, 1000), respectively, it is clearly that
six rogue waves break apart and form a set of six 1-rogue waves in Figs. 7-9.
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Fig. 6. Rogue wave (16) with µ = ν = 0, α = 12, γ = −8, β = ω = 1,
(a) 3D graphic, (b) contour plot.
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Fig. 7. Rogue wave (16) with µ = 0, ν = 1000, α = 12, γ = −8, β = ω = 1,
(a) 3D graphic, (b) contour plot.
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Fig. 8. Rogue wave (16) with µ = 1000, ν = 0, α = 12, γ = −8, β = ω = 1,
(a) 3D graphic, (b) contour plot.
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Fig. 9. Rogue wave (16) with µ = ν = 1000, α = 12, γ = −8, β = ω = 1,
(a) 3D graphic, (b) contour plot.
6 Conclusion
In the paper, a modified symbolic computation approach is proposed. Com-
pared with the original method, our method does not need to find Hirota
bilinear form. As an result, the modified symbolic computation approach is
applied to a generalized (2+1)-dimensional Boussinesq equation. The 1-rogue
wave solutions, 3-rogue wave solutions and 6-rogue wave solutions are ob-
tained, respectively. By selecting different values of (µ, ν), their dynamics fea-
tures are shown in Figs. 1-9. All the solutions have been put into the original
equation by Mathematical software and verified to be correct.
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